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On the Weight Distribution of Spherical t-designs
ElICH! BANNAI*
An analogue of Sidel'nikov-Delsarte's theorem is obtained for the cumulative weight dis-
tribution function of spherical r-designs.
1. INTRODUcrION
Let {ld be the unit sphere in the Euclidean space ~d of dimension d. A non-empty finite
subset X in {ld is said to be a spherical t-design if
L !({) = 0
eEX
for all homogeneous harmonic polynomials! of degree 1,2, ... , t. This concept is due to
Delsarte, Goethals and Seidel [3]. The reader is referred to [3,5] for the fundamental
properties of spherical t-designs.
Let X be a spherical t-design in {ld. For two elements x and y in X, let (x, y) denote the
ordinary inner product in ~d. We define the weight distribution (or distance-distribution)
function a(x) of X as follows: for each real number x, let
a(x) = I{ordered pairs x and y in X such that (x, y) = xli! Ix12 •
Since x and yare on the unit sphere, we have
a(x)=O forIX I>1.
Also, we have
+ 00
f a(x) dx = 1.
- 00
We define the cumulative distribution function A (z ) by
z
A(z) = f a(x) dx.
-00
The purpose of the present paper is to study the property of the function A (z ),
Let b (z) be the function defined by
{
~ . (1- X 2) (d-3 l/2, for -1 <·x< 1,
b(x) = d
0, for Ix l~ 1,
where 1/Cd is a constant such that
+ 00
J b(x )dx = 1.
- 00
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Let B (z) be the cumulative distribution function defined by
B(z) = f b(x) dx.
-00
Then we have the following:
THEOREM 1. Let X be a spherical t-design in nd, and let A(z) be the cumulative
distribution function of the weight distribution function a (x) of X. Then there exists an
absolute constant C such that
IA(z)-B(z)1 < ct-t,
for any real number z where B(z) is the function defined above. (Actually, our evaluation of
IA(z) - B(z)1 is more precise than mentioned here. In particular, C/Jt is replaced by C/t (for
an absolute constant C) if d is fixed.)
The statement of Theorem 1 is rephrased as follows: The cumulative distribution
function A(z) of the weight distribution of a spherical t-design X approaches to the
cumulative distribution function B(z) of the 'weight function' of the Gegenbauer poly-
nomials
C~d/2)-1 (x) if t ~ +00.
Theorem 1 can be regarded as a spherical version of a theorem of Sidel'nikov and
Delsarte. Sidel'nikov [12] (see also [9, page 285]) proved the following result: let ce be an
[n, k, d] binary code, and let d' ~ 3 be the minimum distance of the dual code e-. Then
IA(z) - <p(z)l:s;; 9N(d'),
where A (z ) is the cumulative distribution function (of the weight distribution of ce) defined
by
n
A(z)= L a,
j"2f!:IL+UZ
with a, = I{ordered pairs x and yof ce such that weight (x-y) =j}!/lce!2,
n
/.L = L ja, (the mean),
j=O
I
U ={.f (/.L - daj}' (the variance),
/=0
and <P(z) is the cumulative distribution function of the normal distribution, namely,
<P(z)= _1_ f e -x 2 / 2 dx.
..}2;
-00
Delsarte [2] generalized the result of Sidel'nikov to non-binary and to non-linear cases as
follows: let X be a t-design (in the sense of Delsarte [2']) in the Hamming scheme H(n, q).
Then there exist two absolute constants a and b such that
jA(z) - <p(z)l:s;; (a + b../(q -l))/..}t
for all real numbers z, where A (z) and <P(z)are defined as in the above case. (Note that in
the linear case the condition that the minimal distance of the dual code ce.L is d' implies that
ce is a (d' -i)-design, see Delsarte [2'].)
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for odd k
for even k.
We can expect that these kinds of phenomena (like Sidel 'nikov-Delsarte's theorem and
like Theorem 1) occur in many other places in algebraic combinatorics. We hope to give a
more thorough treatment of these phenomena in a subsequent paper.
We prove Theorem 1 by using an idea of Tchebycheff-Markoff-Stieltjes on the moment
problem, in particular we make use of the so called Tchebycheff-Markoff-Stieltjes
Inequalities. In Section 2, we study the moments of the distribution function a (x), and in
Section 3 we prepare Tchebycheff-Markoff-Stieltjes Inequalities. Theorem 1 is proved in
Section 4 by exploiting the Christoffel numbers of Gegenbauer polynomials. In Section 5,
we give some concluding remarks. Another proof, which follows the argument of
Sidel'nikov and Delsarte more closely, will also be sketched in Section 5.
2. MOMENTS OF THE WEIGHT DISTRIBUTION a(x)
First we study the moments of weight distribution function a (x) of spherical t-designs.
The next lemma is important as our starting point.
LEMMA 1. LetX be a non-empty finite set in ild, and let a (x) be the weight distribution
function of X, namely, let a(x) = I{ordered pairs x and y such that (x, y) =x}ljlxl 2• We
define the kth moment of a (x) by
+00
-00
Then we have
Mk(a(X»;;;.:jO 1·3···· (k-1)
d(d+2)··· (d+k-2)
Moreover, the equalities hold for both k = t and k = t - 1 in the above, if and only ifX is a
spherical t-design in ild •
PROOF. This inequality is due to Sidel'nikov [13]. The latter assertion about the
relation with the concept of a spherical r-design is due to Goethals and Seidel [5, Theorem
3.1].
LEMMA 2. Let
j1 2 (d-3lj2C(1-x) for-1O;;;xo;;;1b(x) = do for Ixl> 1
with r: b(x) dx = 1. Then the kth moment Mk(b(x» of p(x) is given by
+00
- 00
{
o
= 1·3 ..... (k -1)
d(d +2)· .. (d +k -2)
for odd k
for even k.
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PROOF. Well known and easily verified.
From Lemma 1 and Lemma 2, we immediately have the following:
COROLLARY 3. Let X be a spherical t-design in fld, and let a(x) be the weight
distribution function ofX. Let b (x) be defined as in Lemma 2. Then we have
Mk(a(x))=Mk(b(x)) fork =0, 1,2, ... , t.
REMARK. Corollary 3 is also proved directly as follows: If X is a spherical r-design
(whose total mass is 1), then any kth moment of X is equal to that of (the surface of) the
unit sphere fld (whose total mass is 1) (see [3, 5]). Therefore, we have
+1
=J... J ~~(l_~i) (d-3)/2
Cd
-1
=Mk(b(x)),
for k = 0,1, . . . , t, where Wa is the mass of (the surface of) the unit sphere fld• (See [4] for
the details.)
3. TCHEBYCHEFF'S INEQUALITIES
We prepare Tchebycheff Inequalities. The reader is referred to [10,14,7, etc.] for more
details.
Let f(x) be a non-negative function (which may have a finite number of infinite
discontinuities) such that
f(x) =° for IxI> 1,
and let
+00
J xkf(x) dx exist for all k =0,1,2, ... .
-00
We also assume that f(x) is positive for infinitely many values of x. ([(x) may be a
points-measure function, in that case all the following integrals should be regarded as
Stieltjes integrals .) Let
be the polynomial of degree n such that
+ 00
J Pn(x)xkf(x) dx =°for k =0,1, ... , n-1.
- 00
(3.1)
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Then, these Pn(x) (n =0,1,2, . . . ) are uniquely determined, and the zeros of Pn(x) are
real and simple. In fact, the set {Po(x), PI(z ), P2(x ), ... }forms an orthogonal series. Now,
let Xn.1 < Xn.2 < ... < Xn.n be the zeros of P« (x) and let An.; be the Christoffel number
defined by
+ 00
f Pn(x) .An•i = (_ )P' ( )f(x)dx (z=O,l, ... ,n).x Xn.k n Xk
, - 00
(3.2)
See [4, 11, 15, etc] for the fundamental properties of Christoffel numbers. Now, we have
the following:
LEMMA 4 (TCHEBYCHEFF-MARKOFF-STIELTJES INEQUALITIES). In the above nota-
tion, we have
- 00
fork = 1, 2, ... , n.
PROOF. This result is due to Tchebycheff [16] (without proof), Markoff [10] and
Stieltjes [14]. See also Krein [7] for a historial discussion on this result.
Now, let g(x) be anothernon-negative function (which may be a points-measure function
in which case all the following integrals should be regarded as Stieltjes integrals) with
g(x) =° for Ixl> 1,
and let
+ 00 + 00
(3.3)
-00 - 00
for k = 0, 1, . .. , t.
The polynomials Po(x), PI(x), constructed from g(x) by using the relations (3.1)
coincide with those of Po(X), PI (x), constructed from f(x) if the degree i is at most [t/2]
(because of the relations (3.3)) . So, we have the following:
LEMMA 5 (TCHEBYCHEFF-MARKOFF-STIELTJES). Let f(x) and g(x) be defined as
above, let n = [t/2], and let
Mk(f(x))=Mk(g(x)) fork =0,1, .. . , t.
Then
-00
where An •i (i = 1, 2, ... ,n) are the Christoffel numbers defined in (3.2).
Therefore, we immediately have the following.
COROLLARY 6. Letf(x) and g(x ) be as in the assumption of Lemma 5. Then
z z
If f(x)dx- f g(X)dX/<An.k+An.k+I
-00 - 00
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if Xk:C;;: Z :c;;: Xk +l (here we set An.n+l = 0). In particular, we have
If f (x )- f g(x ) dxl <2 ' ._max {An.;}
. - 1.2.....n
- CX) - 00
for any real number z .
REMARK. These inequalities are not the best possible. Actuall y, Paul Nevai told me
that ICo,,[(x) dx - C <>:> g(x) dx I< An (z ) for all z where An(z) is the so-called Christoffel
function . This gives a slightly better estimate.
4. PROOF OF THEORE M 1
Now, we return to a proof of Theorem 1.
Let X be a spherical t-design in {ld, and let a (x) be the weight distribution function of X.
Let b (x) be as defined in Lemma 1.2. Let us set
f(x) = b(x)
and
g(x ) = a (x ).
Then these functions f (x )and g(x) satisfy the assumption of Lemma 5. The refore, ifwe put
z
A (z ) = f a(x ) dx
-<>:>
and
B (z )= f b(x )dx,
-<>:>
the n we have, from Corollary 6, that
!A(z) - B(z)! :c;;: 2 ' . max An.;,
1=1 .2•...•n
where the An.; (i = 1, 2, , n ) are the Christoffel numbers of orthogonal series
{Po(x ), P1(x), . . . , Pn(x), }with n = [t/2], constructed from the functionf(x) = b(x ) by
the relations (3.1). In our case, the polynomial P;(x ) is the Gegenbauer polynomial
C~d/2)-l (x) up to some constant factor . (See [4, 15, etc.] for the fundamental properties of
Gegenbauer polynomials.) Note that the weight function for the Gegenbauer polynomi als
C~ (x) is w(x) = (1 - X 2)'\ -1. Therefore, we have that
IA(z) - B(z)I < 2' . max {An.;}/Cd,1= 1.2•....n
where C« (defined in Lemma 1.2) = An.1 + An.2 + .. . + An•n and the An.; (i = 1, 2, .. . , n) are
the Christoffel numbers for the Gegenbauer polynomials {C\d/ 2l- 1 (x), i = 0,1 , 2, . . . }.
Note that
{
(7T/ 2) . (2s - 1)!!/( 2s)! ! if d - 2 = 2s = even ,
Cd = (2s) !!/( 2s + 1)!! if d-2 =2s + 1 = odd.
(4. 1)
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The Christoffel numbers An,i for the Gegenbauer polynomials C~ (x) are calculated
explicitly (see e.g., Szego [15, § 15, 3, page 352]). Namely,
- 2-2 -2F(n +2A) -1{ d A }-2
An,v= 2 7T{F(A)} Ttn + 1) , (1- xnv) dx C n(xnv) ,
for II = 1, 2,. , , , n, A> -t, A,p O. For A= 0, we have
- '1T
An,v =-,
n
II = 1, 2, . , , , n,
For A> 0, by the argument in § 7.32 in Szego [15], we have
An ,1 < An ,2 <, . ,< An>[(n+l)/2]
and
An,n < An,n-1< ... < An,n-[(n+1)/2}
More precisely, by using the same argument, we get the following result. Let us set
hex) = ntn + 2A ){C~ (X)}2 +(1- x 2){ d~ C~ (x)r
Then h (x) is increasing for x ~ 0 and decreasing for x ~ 0, Therefore,
for n = 2m =even,
for n = 2m + 1 = odd,h(X)~h(0)={2A(A:;)mr ....
2m(2m +2A)((~~r
where (x)m = x(x + 1) .. , (x + m -1). Thus, we have
i.. ~ 22 - 2 A '1T{F(A n-2r;~n++2:/ {h (0)}-1 (set =A);
Now, it is easy to see, although we omit the details, that there exists an absolute constant C
such that
A/Cd < C/.Jn.
Here note again that
_ j(:!:2) , (2s -1)!!/(2s)!!
Cd -
(2s)!!/(2s + I)!!
if d - 2 = 2s = even,
if d - 2 = 2s + 1 =odd.
Since n = [t/2], there exists an absolute constant C such that
(2 .i=Tf.~..n An•i) / c, < C/.Jt,
which completes the proof of Theorem 1. It is also easy to see that C/.Jt above is replaced
by Cit if d is fixed.
5. CONCLUDING REMARKS
1. These kinds of phenomena (like Sidel'nikov-Delsarte's theorem and like Theorem
1) are expected in many other places. We will be able to get a similar result for "r-designs"
in compact symmetric spaces of rank I, where the concept of r-design is defined and Jacobi
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polynomials appear in place of Gegenbauer polynomials. (Cf. Koornwinder [6].) Also,
similar results are expected for r-designs in Q-polynomial schemes and for the spectra of
certain distance-regular graphs . These will be discussed more thoroughly in a subsequent
paper.
2. These results (Sidel'nikov-Delsarte's Theorem and Theorem 1) give only informa-
tion on the cumulative distribution. It would be nice if we could get some bound for each
a(x) (instead of A(z». But this is a completely different and difficult problem (d.
Bannai-Damerell [1].)
3. Roughly speaking, the (non-absolute) constant factor a + b-Jq in the Delsarte's result
seems to be interpreted as follows: the difference between cumulative distribution
functions of weight distribution of r-design X and of the binomial distribution is bounded
by C/..Jt for an absolute constant C. However, the difference between cumulative
distribution functions of binomial distribution and of the normal distribution is bounded
by a constant C' /..Jt where C' does depend on q.
4. It is possible to give a proof of Theorem 1 by using the method of Sidel'nikov-
Delsarte. Actually the original proof of Theorem 1 was obtained in that way. The point in
that proof was to consider the characteristic functions of a (x ) and b(x) and to evaluate the
difference IA (z) - B (z)1 by use of the Basic Inequality (see Loeve [8, page 285]) which is
similar to the inequality used by Delsarte [2] (cf. Feller [4', page 512].) However, it seems
that the proof of Theorem 1 presented in the previous section makes the situation clearer,
and gives more precise bounds.
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